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I. INTRODUCTION
1.1. Let X be an arbitrary nonempty set, D is an X — semi lattice of unions which closed with respect to the
set-theoretic union of elements from D, f be an arbitrary mapping of the set X in the set D. To each

mapping f we put into correspondence a binary relation «, onthe set X that satisfies the condition

a; = J({xpxf (x)).

xeX

The set of all such «, ( f:X — D) is denoted by B, (D). It is easy to prove that B, (D) is a semi group with

respect to the operation of multiplication of binary relations, which is called a complete semi group of binary
relations defined by an X — semi lattice of unions D .

We denote by & an empty binary relation or an empty subset of the set X . The condition (x, y) ea will be
written in the form xery. Further, let x,yeX, Y = X, a€B, (D), D=|JY and T €D. We denote by the

YeD

symbols ya, Yo, V(D,a), X" and V(X*,a) the following sets:

ya ={xe X |yax}, Ya:Uya, V(D,a)={Ya|Y €D},

yeY

X ={Y|@#Y X}, V(X"a)={Ya|D=Y c X},

D, :{ZeD|TgZ}.YT“ :{yeX|ya:T}
It is well know the following statement:
Theorem1.1. Let D:{ﬁ,zl,ZZ,,, Z } be some finite X —semi lattice of unions and

1 Em-1

C(D)={PR,,R,P,,... P, } be the family of sets of pair wise nonintersecting subsets of the set X (the set & can

be repeat several time). If ¢ is a mapping of the semi lattice D on the family of sets C(D) which satisfies the

condition
(0:(5 Z, Z, ...zmlj
P, PP .P.,
and [32 =D\ D,, then the following equalities are valid:
D=P,UP,UP,U..UP, ,,
Z,=Ru |J o(T).

TeDy,

In the sequel these equalities will be called formal.
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It is proved that if the elements of the semi lattice D are represented in the form (1.1), then among the

parameters P (0<i<m-1) there exist such parameters that cannot be empty sets for D. Such sets P, are

called basis sources, whereas sets P (OS j< m—l) which can be empty sets too are called completeness

sources.
It is proved that under the mapping ¢ the number of covering elements of the pre-image of a basis source is

always equal to one, while under the mapping ¢ the number of covering elements of the pre-image of a

completeness source either does not exist or is always greater than one (see [1], chapter 11).
Let R,R,R,...,P,, be parameters in the formal equalities and £ be any binary relation of the semi group

i m-1
B, (D) and
[ m_l f—
ﬂ:U{PixUtﬁJu U ({t'}xﬂz(t')), ..(12)
i=0 teR t'eX\D
where 3, is any mapping of the set X \D in the set D . Then the representation of the binary relation B of
the form S will be called subquasinormal.

If S are the subquasinormal representations of the binary relation S, then for the binary relations S the
following statements are true:

a) BeB, (D);

m-1
b) U[F{xUtﬂJgﬂ and g B for some mapping 3, of the set X \D intheset D.

i teR

c) the subquasinormal representation of the binary relation £ is quasinormal,
— PR B ..P
d)if g=| < L m-L

VA= o e
Remark, that if P, (0< j<m-1) is such completeness sources, that P, =, then the equality Pj,B = always
is hold. There also exists such a basic sources B (0<i<m-1) forwhich | Jt3=0, ie. RB=0.

teR

Definition 1.1. In the sequel, the elements ﬁl and BZ will be called normal and complement mappings for the
binary relation A € B, (D).
Theorem 1.2. Let X is finite a set and «, S € B, (D) then for any subquasinormal representation S of a

j ,then f, is a mapping of the family of sets C(D) in the set Du{@} .

binary relation g the equality o f =« o 3 is hold (see [2], Proposition 2).

Proof. Let x(aoﬁ)y for some xe X and yeD . Then xazpy for some zeD since xaz. So, we have

2By by definition subquasinormal representation S of a binary relation 8 and z,y e D . Thus the condition

xazfy ishold, ie. aocfcacf.

In the other hand, if X'az'By’ for some X,z',y'e X, then z',y'eD since a,p_’eBx(D) . From the

condition z'eD and the formal equalities follows that z'eP, for some O0<k<m-1, ie.
m-1 m-1

z’(U(Pi xUtﬂD y'. Of the last condition and from the condition U(P. xUtﬂjgﬂ we obtain that the
i=0 teR i=0 teR

conditions z'4y’ and x'az’By’ are hold. So, we have that a0 B c aof3.

Therefore the equality o 8 =ao f is true.
Theorem 1.2 is proved.
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Theorem1.3. Let B be any generating set of the semi group B, (D) If for some « and & of the set B and

subquasinormal representation /3 € B, (D) of a binary relation Be B the inequality #5043 is hold, then
the condition « = &0 is also true.

Proof. If a =804 for some «,8, 3 € B, then from the theorem 1.2 follows, that o =50 8 = 5051 for some
El € B, (D) and S is some subquasinormal representation of a binary relation 4. But equality o = 5051

contradict the condition « # &+ £ for any subquasinormal representations E € By (D) of a binary relation S .
Thus, we have that the representation of a binary relation « of the form a = &0 g istrue.
Theorem 1.3 is proved.

Example 1.1. Let X ={1,2,3,45}, D={@,{2},{1,2}}, then B,=0, B ={1}, P, ={2}. If

{12}

n ) Pl Pz
12} £={(21),(2.2),(31),(41).(4.2).(51)}, then BeB, (D), /)’lz(@ @ {1,2}),
cin ?1 ,Ez :({i} {11’12} 5{1}J and subquasinormal representation of a binary relation B has a form

B =(Rx @) (Rx@) (P, <{L2}) o ({3 {L}) o ({4} {1.2}) ({5} {1})
where P, P, are basic sources and P, is completeness sources.
Definition 1.2. We say that an element o of the semi group B, (D) is external if a=5-4 for all
5,8€B, (D)\{a} (see [1], Definition 1.15.1).
It is well know, that if B is all external elements of the semi group B, (D) and B’ be any generated set for the
B, (D), then B< B’ (see [1], Lemma 1.15.1).

2.1. Let El(X,S) be a class of all X —semilattices of unions whose every element is isomorphic to an
X —semi lattice of unions D = {Z Z, ,[3} , which satisfies the condition Z, = Z, D (see Figure 2.1):

Let C(D)={R,,R,P,} is a family sets, where P,,P,, P, are pairwise disjoint subsets of the set

ED X and (pz(g %,1 %2) is a mapping of the semilattice D onto the family sets C(D). Then for
0 1 2

Zl
Z, the formal equalities of the semilattice D we have a form:
Fig. 2.1 D=P,URUP,
Z=RuUPR, ..(2.)
Z, =R,

Here the elements P,, P, are basis sources, the element P, is sources of completeness of the semilattice D .
Therefore |X|>2 since |R|>1 and |P,[>1.

It is well know the following statement (see [4],).

Theorem 2.1. Let D={Z,,Z,,D}e%,(X,3) and Z,#@. If E{ (D) be the set all right units of the

X

semigroup B, (D),

=(2,%2,)u((X\Z,)xZ,), 0, =(Z,%xZ,)u((X\Z,)xD),
=(2,x2,)u((X\2,)xD), o, (z xZ,)u((X\Z,)xD)
and B’={O'l,62,03,c74} then B=E{ (D)uB’ is irreducible generated set for the semigroup B, (D).
In the sequel, we will be assumption, that Z, = .
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Lemma 2.1. Let D={@7,D}e%,(X,3) and B:{aeBX(D)lv(X*,a)zD}. Then the following

statements are true:
a) B= ifand only if, when |X|>3;

b) Rb,=ND=@, R=D\Z and B, =Z,;
c) If a=5op, forsome aeB, §,8eB, (D), then V(D,3)=D;
d) if |X| >3, then B is a set external elements of the semigroup B, (D) .
Proof. Let D = {@,Zl, f)) €z, (X,3),
1) If B and aeB for some a B, (D), then, there exists quasinormal representations of a binary
relation « of the form
a=(Y; x@)u(Y, xZ,)u(Yy xD),
Where [Y“|>1 for all i=01,2 (if Y =@ for some j (0<j<2),then V(X",a)=D). So, the inequality
|X|>3 is true. Of this we obtain, that B=4, if |X|=2.
The statement a) of the Lemma 2.1 is proved.

2) By assumption Z, =&, then by definition of the set P, we obtain, that P, =~D=. Now, from the
formal equality (2.1) follows that P, =Z, and P, =D\P, =D\Z, since P, "R =J.
The statement b) of the Lemma 2.1 is proved.
3) Let a =504, forsome aeB, 5,8€B, (D). Then D=V (X",a)<V (D, B) (see [1], Theorem 4.1.1).
So, D=V(D, f) since the inclusion V (D, ) = D for any semilattice D always is hold.
The statement ¢) of the Lemma 2.1 is proved.
4) Now, let a=8- 4 for some o B and 8,5 B, (D)\{a} , then quasinormal representation of a binary
relations o and ¢ has a form
a=(Y x@) (Y xZ,)u(Yy xD) and & =(Y; x@) (¥, xZ, ) (¥ xD),
Where Y, Y,,Y, ¢{D}, ie. V(X*,a)z D. By Theorem 1.2 follows that @ =508=3504, where B is
subquasinormal representation of a binary relation g . It is easy to see, that

a=59f =Y xD)u(Y’ xZ,8) (Y, xDB). ..(22)
For the sets X and D we consider the following cases:
a’) X =D. Then from the equality (1.2) follows that ,Ez is empty mapping since X \D = So, there exists
only two subquasinormal representations 4 of a binary relation g for which V (D,)=D (see statement c)
of the Lemma 2.1) and B =/

B =(2x2)u((D\Z,)xZ,)u(2,xD) or B=(2x2)u(2,x2,)u((D\Z,)xD),
where B € B, (D).
If B =(@x@)u((D\2,)x2,)u(Z,xD), then

5o =(Y xD)u(Y, xZ,B) (Y, xDB) =

= (¥ x@)U(Y xD)u (¥ xD) = (Y, x@)u((¥ Y, )xD) e B
since V (X*,508) < {@,D} # D . So, we have that o = 5o 3 .
If B=(2x@)u(Z,xZ,)U((D\2,)xD), then
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5o =(Y; x@)U(Y xZ,)u(Ys xD) =

= (Y x@) (¥’ xZ,8) (Y, xDB) =

= (¥ x@)u(Y, xZ,)u (Y x D).
So, Y, =Y/, Y2 =Y, Y7 =Y, . Of this follows that & =& . But, the equality @ =5 contradict the condition
5eB (D)\{a}.So, wehavethata = 5o f3 .

In the sequel we will be assumption, that X =D .
) Let X \D|>1. By preposition we have P, = . In this case

5 =2 D\z, 7, 52 (2 D\z, z, @ D\z, Z,
v \w g o) @8 g Z %) @
+_(@ D\Z, Z, @D\ZZ s (D D\z, Z,
5 m ) 5% J-ﬂl—(m sJ
5 =9 D\z, Z, 7= @ D\Z z @ D} z
+ @ D D) 2 )
are all mappings of the set C(D)= {@,PI,P} (see statement b) of the Lemma 2.1) in the semilattice D

satisfying the condition ,b’l( )= (i=1, 8,9).

Let pe BX(D) and S is such subquasinormal representation of a binary relation g for which
B! (i=12,...,8,9) is normal mapping for the binary relation / .

For a binary relation S we consider the following cases:

1) |f,511:(® D\z, le, and B be any mapping of the set X \ D in the set D\{@}:{Zl,f)}. So, if

g g O
B :(5x®)ul’g5({t’}x[¥j (). .. (2.3)
then S € B, (D). From the equalities (2.2) and (2.3) we obtain that:
2,8-2,DB=0,

soff=(Ys x@)u(Yl xZ,B)u(Yg xDB) =
=(Y8 x2) (YW’ x@)L(Yg xD) = X x@ =D e B

since V(X",5¢8)<{@}#D. So, we have that oz 5 3.

2) If B2 :(Q D\z, le and 3 be amapping of the set X \ D in the set D\{@,Zl}:{f)}. So, if

o @ z
,B=((D\Zl)xg)u(zlle)ut'LXJ\D({t'}xﬁf (1), .. (24)
then S e B, (D). From the equalities (2.2) and (2.4) follows that:
ZlB_:Z ) DB:ZD _ o
5o :(lvf x@)U(Y x2,8)(Y§ DB )=

= (Y % @)U (W 2, )u(¥ x20) = (¥ < @) o((W O )x2,) ¢ B
since v(x*,aoﬁ)g{g,zl} # D. So, we have that o = 50 .

For the mapping 313 = (g DZ\ Z, élj , we analogically above, may proved that o # 5o f3 .
1

s (@ D\Z, Z —4 . - (s )
3) If _(@ 2, 1 lej and 3" be a mapping of the set X \ D in the set D\{@,Zl}—{D}. So, if
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5= (Bx2)0 U (t)<5 (). - (25)

t'eX\D

then S € B, (D). From the equalities (2.2) and (2.5) we obtain:
Z,f=Dp =2,
5o B=(¥5 xB) (¥’ xZ,B)u(Y§ x DB ) =
= (Y9 x@)u(¥ %2, )u (¥ x2,) =(¥5 x @)U ((Y;S UYS )x2,)¢B
since V(X",508)<{@,Z,} = D. So, we have that o # 5o B

4) If /?15 < [, where Ef (g DZ\Z SJ and /3 be a mapping of the set X \ D inthe set D . So, if
B=((D\z,)xZ ) (z,xD)u X\D( [t} (1)), ...(26)
then S € B, (D). From the equalities ( 2) and (2.6) we have:
Zlﬂ D, Dﬂ 3 e
So ,B—(Yz x@)u(Yl‘stlﬁ)u(Yo‘sxD,b’)
= (¥ x@) (% xD) U (Y¢ x D) =(¥{ x ) ((Yl UYg')xD)e B

since V(X,805)<{@,D}=D. So, we have that o 5o

For the mappings B are /3’ :(Q D\z, éj B :[Q Z, Z

D

o = hl

o o5 p 1), then we analogically above may

proved, that a # 5o .

5) I 3° < 4, where 3° (@ D[;Z @Zj and B° be a mapping of the set X \D in the D\{@,D}:{Zl}.
So, if
,B=(le®)u(([3\zl)x['))ut’LXJ\D({t’}xﬁf(t’)), ..(27)
then S € B, (D). From the equalities (2.2) and (27€) we obtain, that:
2,8 =@, DB =D

soB=(Ys x@)u’(vf xZ,B)(Ys' x D) =
= (Y x@) (¥’ x@)u(Y¢ xD) :((Yf uY15)x®)u(Y05 xD)e B
since V(X",80 )< {@,D} #D. So, we have that & =5 8.

) If ﬂ c [, where ,B (@ D[;Z sz and ﬁf be a mapping of the set X \ D in the semilattice D . So,
if l
,B=(le21)u((I5\Zl)><D)UI(LXJ\D({t’}xBf (1)), ..(28)
then B € B, (D). From the equalltles (2.2) and (2.8€) follows that:
2,p=2,, DF =D,

SoB=(YS x@) (\(1 xZ,B)(Ys x D) =

=(Y8 % @) (¥ x@)u(Yg % D) =(¥7 x@) (¥ x 2, )u(Ys x D),
So, Y. =Y, Y =Y, Y. =Y. Of this follows, that & =& . But, the equality & =5 contradict the condition,
that & € B, (D)\{a} . So, we have that o = 5o 3.
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Thus, we have a # 5o 4 for any subquasinormal representation of a binary relation S € B, (D)\{a} since the
mappings A — A’ are all mappings of the set C(D)={@,R,P,} in the semilattice D satisfying the condition
B (2)=2 (i=12,..,9). Of this and by Theorem 1.3 follows that o = 50 g forall 5,3 € B, (D)\{a}.

1

So, we have that the set B (if B=JJ, i.e. |X| >3) is a set external elements of the semigroup B, (D) .
Lemma 2.1 is proved.
Lemma 2.2. Let |[X|>3 and D = {@, Z, [3} €3, (X,3), then the following statements are true:

a) 2,3=0, DB=12, forsome B<B ifand only if,, when |X \ I5| >1;
b) Z,3=DB =2, forsome B<B ifand only if |X \ [3| >1;
c) Z,4=DpB =0 forsome g eB ifand only if |X\I5|22.
Proof. Let Z, =0, Dﬁ’:Z1 for some g <B. Then qusinormal representation of a binary relation g has e
form B =(Y/ x@) (Y xZ,)u(Y/ xD), where Y/Y/Y/ ¢{@}. By preposition DY/ =@ since
DB=2,.50, B=Y{ = X\D,ie|X\D|>1.
In the other hand, if |X\D|>1, then ﬂ:(leg)u((f)\Zl)le)u((X \D)x D) is a binary relation of the
set B, for which Z,8=@ and DS =2Z,.
The statement a) of the Lemma 2.2 is proved.
Let Z,8=Dp =2, for some pBeB. Then qusinormal representation of a binary relation B has e form
B=(YxD)U(Y’ xZ,)U(YS <D), where Y/Y/ Y/ e{@} and Y/~D=@. Of this follows, that
@#Yy < X\D, ie. [X\D|>1 since Y, {2} .
Of the other hand, if |X \ I5| >1, then for the binary relation
B=((D\2,)x@)(Z,x2,)((X\D)=D)

we have f#eB and Z,3=DB=2,.
The statement b) of the Lemma 2.2 is proved.
Let 2,5 = DB =@ for some geB. Then qusinormal representation of a binary relation g has e form
B=(Y*x@)u(Y/ xZ,)u(Y{ xD), where Y/,Y.Y/ ¢{D} and t= forall teD since @ is smallest
element of the semilattice D . So, if Y/ =D, t8=2, and t,#=D for some t,t, € X \D. It is easy to see,
that Y/, Y/ and Y/ are smallest sets for which S e B . Of this follows that |X \D| >2.
Of the other hand, let |X \I5| >2,ie. X\D2{t,t,}, then for the binary relation

f=(Dx@)u(ft}x2)o((X\(Duit}))xD)
we have S eB since X \(Du{tl});t@ and Z,3=DB=0.

The statement c) of the Lemma 2.2 is proved.

Lemma 2.2 is proved.
In the sequel, by symbols B,, B, and B, we denoted the following sets:

{aeB, (D)IV(X",a)={z,,D}},
laeB, (D)IV(X",a)={2,D}],
{aeB (D)IV(X"a)={2,2,}}.

Bl
B,
B
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By definition of asets B,, B, and B, immediately follows, that

B,nB,=B,NB,=B,NB, = ...(2.9)
Lemma 2.3. Let [X|>3, D={@,Z,D} %, (X,3) and
B={aeB, (D)IV(X",a)=D}.
Then the following statements are true;
a) the elements of the set B u{X xZ,, X % D} do not generating by elements of the set B ;
b) if |X \ f)| <1, then element & =< do not generating by elements of the set B ;

c) if X =D, then elements of the set B, do not generating by elements of the set B .
Proof. Let =00 for some « < B, (D) and &, eB. Then quasinormal representation of the binary
relation & has a form & =(Y,’ x@)U(Y,” xZ,)U(Y; x D), where Y,;',Y,",Y;" ¢ {&} . In this case the following
equalities are hold:

a=59p=(Y,x@) (Y xZ,8) (Y, xDA) ...(2.10)
For the binary relation « we consider the following cases:
1) If @eB, (D)=B U{XxZ,XxD}, where D'={Z,,D}, then quasinormal representation of the binary
relation & has a form & =(Y,“ xZ,) (Y x D). From the equality (2.10) we obtain that

(Y xZ,)u(Yy xD)=a=80p=(Y, x@) (¥’ xZ,8)(Y; xDA).

But last equality impossible since Y, = & . So, the elements of the set B, u{x xZ,, X x D} do not generating

by elements of the set B .
The statement a) of the lemma 2.3 is proved.

2) Now, if a =, then From the equality (2.10) follows that
D=a=5°p=(Y,xD)U(YxZ,8)(Y; xDB).

Of the last equalities follows that Z S = DS = . But by statement c) of the lemma 2.2 the equality

Z,f=Dp = for some SeB is possible only if , when |X \f)| >2. So, if |X \ I5| <1, then binary relation

a = do not generating by elements of the set B .
The statement b) of the lemma 2.3 is proved.

3) Llet X=D and ae B,, then quasinormal representation of the binary relation « has a form
a=(Y; x@)U(Y"xZ,), where Y,,Y," ¢ {@} . Then from the equality (2.10) follows that
(Y xD)u(V* x2))=a =508 =(Y;, xD)U(Y xZ,8)U(Y; x D).
Last equalities is possible only if Z,8=@, D=2, or Z,f=DB=2, since Z, cD.
a)If Zp=0, D = Z,, then by statement a) of the Lemma 2.2 follows that |X\f)|21 which contradict

the conditions X =D .

b’) If Z,8=Dp =2, then by statement b) of the Lemma 2.2 follows that |X \f)| >1 which contradict the
conditions X =D
So, of the conditions a’) and b") follows that the elements of the set B, do not generating by elements of the

set B.
The statement c) of the lemma 2.3 is proved.

Lemma 2.3 is proved.
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Lemma 2.4. Let [X|>3, D={@,Z,,D}e%,(X,3) and

B={aeB, (D)|V(X',a)=D}, 7, =(Z,x@)((X\Z,)xZ,).
Then the following statements are true:
a) if |X \ f)| >1, then elements of the set B, U B, are generating by elements of the set B ;

b) if X =D, then the elements of the set B, are generating by elements of the set BUB, U{y,};
c) if X =D, then the elements of the set B, are generating by elements of the set B, U{y,} .

Proof. Now, let |X\I5|21 and o be arbitrary element of the set B, UB,. For the binary relation o we

consider the following cases.
1) a €B,. Then quasinormal representation of a binary relation « has a form o= (Y x@) ( xD)
where Y, Y, ¢ {J} .
a’) If Y| =1, then |Y,"|> ( ) (see statement a) of the Lemma 2.1). In this case we suppose, that
B=(2Z,x2)u((X\D)xZ,)u((D\Z,)xD),
then B since |X\D|21 and
5o =(Y) xD)u (stleﬂ) (Y, xDB)=
=(Y2§><®) (Y‘Sx@) ( X )
=((¥ vY)x@)u(Y xD)=a

if YUY =Y, and Yg' =Yg since Y721, ¥’ 21 and |Y;’| 1.
b') Let

>1, then

Y,

\fS

>2 (|X]=3). In this case we suppose, that
B=((D\2,)x@)u((X\D)x2,)u(z,xD),
then e B since |X \D|>1 and
5o =Y xD)u(V xZ,B) (Y, xDB) =
(Y ) (Y1 xD)u(foli):
= (Y x@)u((¥ UYS)xD)=a,
if Y, =Y, and YUY, =Y, since |Yj| >1, |Y15| >1 and |Y05| >1.
Therefore, the elements of the set B, are generating by elements of the set B .
2) aeB,. Then quasinormal representation of a binary relation « has a form a:(YZ“ x@)u(Yf‘ ><Zl),
where Y, Y, ¢ {J} .

c') Let |Y,"|>1 then

Y| > 2

(]X|=3). In this case we suppose, that
B=(2,x2)u((D\z,)xZ,)u((X\D)xD),
then e B since |X \D|>1 and
5o =Y, xD) (Y xZ,B) V(Y xDB) =
=(Y, x@) (Y xD)U(Ys xZ,) =
=((¥ VY )xD)u(Y 2, ) =a
if Y)Y =Y and Y) =Y, since |V;|>1, V|21 and |v;|>1.
% Y

d’) Let >1 then

>2 (|X]=3). Inthis case we suppose, that

60



T3

ISSN: 2319-5967
ISO 9001:2008 Certified

International Journal of Engineering Science and Innovative Technology (IJESIT)
Volume 5, Issue 6, November 2016

£=((D\z,)x@)u(z,x2,)L((X\D)xD),
then S eB since |X\D|21 and
5o =Y, xD) (Y xZ,8) (Y, xDB) =
=(Y x@)u(Y? xZ,)u (Y x2,) =
=(Y; xz)u((v;’ uYf)le) =a,
if Y, =Y, and Y’ UY; =Y, since |V,)|>1, [V’| =1 and |v)|>1.
Therefore, the elements of the set B, are generating by elements of the set B .
The statement a) of the Lemma 2.4 is proved.
3) Let X =D, §,=((X\Z)xZ,)u(Z,xD) and binary relation o be any element of the set B,. Then
8, €B, and quasinormal representation of a binary relation « has a form o =(Y,"x@) (Y, xZ, ), where
Y, Y, ¢ {D}. Now, let o =50 for some 5, 8e(BUB U{y,})\{a}.
For the sets Y,” and Y,” we consider the following cases.

e’) let Y,">1, then Y,” >2 (|X| >3, by preposition) and 6 e B\{a}, then by definition of a set B the
quasinormal representation of a binary relation & has a form & =(Y;’ x@)U(Y,"xZ,)u(Y, xD), where
Y Y0 XS ¢ {@} since V(X*,5)=D and

S0y, = (Yf x@)u(Yf leyo)u(Y(f x ij/o) =

= (Y % @)U (Y xD)U(Ys x2,) = (Y WY )x@) (Y xZ,) =,
if Y, oY’ =Y, and Y, =Y, since Y,',Y,",Y; ¢{Q} .

f) If Y, =1, then Y, >2 and
807 =((X\Z,)xZy7,)u(Z,x Dy, ) =
=((X\Z,)x@)u(Z,xZ,) =7,

Soy, = (Yf x@)u(Yf le;/l)u(YO‘i X D;/l) =

= (Y % @) (Y xZ,) 0 (Y5 xZ,) = (¥ < @) u((Y Yy )xZ,) = a,
if Y, =Y, and YUY, =Y, since Y,',Y,",Y, ¢ {D} .
Thus, if X =D, then the elements of the set B, are generated by elements of the set BUB, U{y,}.
The statement b) of the Lemma 2.4 is proved.
4) Let X =D and « be arbitrary element of the set B,. Then quasinormal representation of a binary relation
a has a form a=(Yx@)u(Y,xD), where Y)Y e{@} . Now, let a=5op for some
5.5 <(B i)\ o
It is easy to see that the subsets Y,” and Y, of the set X are two elements partitioning of the set X . Of this
follows that & = (Y, xZ,)u(Y; x D) is any element of the set B, and y, 3, € B, by definition of the binary
relations , and o, .

Yooy =(Z,x@8)U((X\Z,)x2,8) =
=(2,x@)u((X\Z,)xD)=7,,
5oy, :(Y;" leyz)u(YO“ xﬁyz)z(Yzaxg)u(YO“ xlj):a
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Of this follows that the elements of the set B, are generating by elements of the set B, u{yo}.
The statement c) of the Lemma 2.4 is proved.
Lemma 2.4 is proved.
Lemma 2.5. Let [X|>3, D={@,Z,,D} %, (X,3),
B={aeB, (D)IV(X",a)=D} and B, ={a B, (D)|V(X",a)={z,D}}.

If |X \ f)| >1, then the set B/ = BB, is irreducible generating set for the semi group B, (D) .
Proof. Let |X| >3 and |X \ I5| >1. First, we proved that every element of the semi group B, (D) is generating
by elements of the set B/. Indeed, let o be arbitrary element of the semi group B, (D). Then quasinormal
representation of a binary relation « has a form

a =Y x@) (% xZ,)u(Ys xD).
For the sets Y,”, Y, and Y;* we consider the following cases:
1) YY"y ¢ {D}. Then we have V (X",a)=D ,ie. a<B.
2) Y= Y.Yy e{Jd}. Then quasinormal representation of a binary relation « has a form
a=(Y"xZ,)u(Y; xD),ie aeB.
3) Y= Y,.Yy e{d}. Then quasinormal representation of a binary relation « has a form
o= (Y;‘ x@)u(YO”’ X D). So, a eB,. From the statement a) of the Lemma 2.4 follows that the elements of
the set B, are generating by elements of the set B .
4) Yy =0 Y, Y ¢ {@} . Then quasinormal representation of a binary relation « has a form
a =Yy xD)U(Y,“xZ,). So, a < B,. From the statement a) of the Lemma 2.4 follows, that the elements of
the set B, is generating by elements of the set B .
5) IfY, =Yy =@, Y =D, or Y, =Y =, Y/ = . Then quasinormal representation of a binary relation
a hasaform a=XxZ,,or a=XxD.
Let quasinormal representations of a binary relations & and 4, has a form & =(Y,’xZ,)u(Y; xD) and
By =(DxZ,)u((X\D)xD)where YY ¢{@}, ie. 5,48 and YUY =X since X\D#@ ( by
assumption we have |X \ f)| >1). So, the following equalities are true:

5o By =((¥x2,8,) (Y5 xDBy)) =

=(YxZ,)u(¥ xZ,) =X xZ, =a.
Now, let A =((X\Z,)xZ,)u(Z,xD), then B, e B, since Z, =@ and X \Z, =@ by definition of the semi
lattice D . So, the following equalities are hold:

Sop = ((Y;" xZ,,)0(Y{ % I5,Bl)) =

:(Yl‘;xf))u(Yo‘gx[v)): XxD=a.
Therefore, the elements o = X xZ, and a = X xD are generating by elements of the set B, .
6) Y," =Y, =, then Y," = X since the representation of a binary relation « is quasinirmal. Of this we have,

that o =J.
Now let & = (Y;S x@)u(Yf X Zl)u(Y05 x D) is any element of the set B (by preposition the inequality |X|>3

is true). Further, by assumption we have, that |X \ [3| >1. In this case, for the f, =(Dx®)u((x \ D)x Ij) we
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have S, € B, and by statement a) of the lemma 2.4 binary relation $, is generating by elements of the set B
and

5o B, =(Y) x@) (Y xZ,8,) (Y x DB, ) =
=(Y) x@) (Y xD)U(Yy x@) = X xDT = 2.
So, By is generating set for the semi group B, (D).
By preposition |X \ [3| >1 and we proved that the set B/ is irreducible.
Let o € B/ and for the element « consider the following cases:
7) If aeB, then a=oor forall o,z €B, (D)\{a} since by statement d) of the Lemma 2.1 follows that
B is a set external elements for the semi group B, (D) . S0, a#oor for all o,re Bl’\{a} since
B/\{a} =B, (D)\{a}.
Thus, we have thata ¢ B .
8) If « €B,, then by definition of a set B, the quasinormal representation of a binary relation « has a form

a=(Y"xZ,)u(Ys xD), where Y,,Y; ¢ {@} . Further, let @ =508 for some &,<B/\{a} and for the

element & consider the following cases:
a’) o€ B\{a} and pe Bl'\{a}. Then by definition of a set B the quasinormal representation of a binary

relation & hasaform &= (Y, x@) (Y’ xZ,)U(Ys x D), where Y;',Y,*,Y; ¢ {@} since V(X",5)=D and
(Y xZ,)u(Yy xD)=a=508=(Y, xD)u (¥’ xZ,8) (Y, D).
But last equality is impossible sinceY,” ¢ {@} .
So, we have that & ¢ B\{a} .
b') If §eB\{a} and BeB/\{a}. Then by definition of a set B, the quasinormal representation of a
binary relation & has a form & =(Y,’xZ, )u(Y;’xD), where Y,*,Y;’ ¢ {@} and
(" xZ) (Y xD)=a=5°B=(YxZ,8) (Y, xDB).
Last equalities are possible only if Z,#=2,, D =D since Z, c D . Of this we obtain, that
a=(Yx2Z,)u(Yy xD)=(¥’ xZ,)u (¥ xD)=5.
But the equality a =& contradict the condition § € B, \{«a}.
Thus, we have that 5 ¢ B, \{a} .
So, from the cases a’)and b’) follows that ¢ B, .
Therefore, o =50 for any &,4eB/\{a}, ie. the set B/=BuUB, is irreducible generating set for the
semigroup B, (D).
Lemma 2.5 is proved.
Lemma 2.6. Let|X|>3,D={@,Z,,D} e%,(X,3) and
B={aeB, (D)|V(X",a)=D}, B ={aeB, (D)|V(X",a)={z,D}},
Yo =(Z,xD)U((X\Z,)xZ,).
If X =D, then the set B; =BuUB, U{y,} is irreducible generating set for the semigroup B, (D).
Proof. Let |X| >3, X =D. First we proved that every element of the semigroup B, (D) is generating by

elements of the set B, =BUB, U{y,}. Indeed, let o be any element of the semigroup B, (D). Then
quasinormal representation of a binary relation « has a form
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a=(Y; x2)u(Y,xZ,)u(Ys xD).

For asets Y,”, Y,“ and Y;* we consider the following cases.
1) Y. Y,".Y; ¢{D}. Then we have V(X*,a): D,ie aeB;
2) Y7 =0 Y)Y,y «{3}. Then quasinormal representation of a binary relation « has a form
a=(Y*x2,)u(Y; xD),ie. aeB;
3) Y'=@ Y7Y, e{D}. Then quasinormal representation of a binary relation « has a form
a= (Y;’ x@)u(YO“ X I5) € B, and by statement c) of the Lemma 2.4 we have that the elements of the set B,
are generating of elements of the set B, L {y,} .
4) Yy =@ Y, Y e{}. Then quasinormal representation of a binary relation o« has a form
a=(Y; xD)U(Y,“xZ,) € B,. Then by statement b) of the lemma 2.4 follows that elements of the set B, are
generating by elements of the set BUB, U{y,};
5) If Y, =Yy =@, Y =D or Y, =Y, =&, Y;* = . Then quasinormal representtation of a binary relation
a hasaform a=XxZ,,or a=XxD.
It 3, =((X\Z,)xZ,)u(Z,xD) and &, =(Z,xZ,)u((X\Z,)xD), then &,,6,€B, since |Z|=1 and
[X\Z,|>1 by definition of the semilattice D (@< Z, < D) and

Syo7, =((X\Z,)xD)(Z,xZ,) =1

8,0, :(lezl;/l)u((x \Z,)x 57’1):

=(Z,xZ,)U((X\Z,)xZ,) =X xZ, =a,
8,00, =((X\2,)x2,6,)u(Z,xDs, ) =
z((X \Z,)x Ij)u(lelj): XxD=a.

So, the elements a = X xZ, and « = X xD are generating by elements of the set B, {7} -

6) Y=Y, =. Then Y,” =X since the representation of the binary relation « is quasinormal. Then
a = and
Y0 ° 7% :((leg)u((x \Zl)le»o;/O =(Z,xDyy)U((X\Z))xZ7, ) =
=(Z,x@)U((X\Z,)x@) =X xD=2.
Thus, we have that the binary relation & =& is generating by elements of the set B, .
So, B, =BWB, U{y,} is generating set for the semigroup B, (D).
Now, let |X|>3, X = D and we proved that the set B; =BUB, U{y,} is irreducible. For the element « € B,

consider the following cases.
7) If aeB, then a=oor forall o,z B, (D)\{a} since by statement d) of the Lemma 2.1 follows that

B is a set external elements for the semigroup B, (D). So, a=ocez for all o,7eB)\{a} since
B;\{a} =B, (D)\{a}.
Thus we have o ¢ B.
8) Let « € B, then by definition of a set B, the quasinormal representation of a binary relation « has a form
a=(YxZ,)U(Ys xD), where Y,“,Y," ¢ {&} . Further, let =5 8 for some 5,8 B; \{a}.
For the element & consider the following cases:
a’) If ¢ B\{a} and feB, \{a} . Then by definition of a set B the quasinormal representation of a binary

relation & has a form & =(Y,’ x@) (¥, le)u(Y(f x D), where Y;,Y,’,Y; ¢ {@} since V(X",5)=D and
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(Y xZ,) (Y xD)=a =50 B=(Y, D) (¥ xZ,8)U(Ys x D).
But last equality is impossible since Y, & {&} .
So, we have that 5 ¢ B\{a} .
b') If eB\{a} and BeB;\{a}. Then by definition of a set B, the quasinormal representation of a
binary relation & has a form 5 =(Y,”xZ,)u (Y, xD), where Y,*,Y;’ ¢ {@} and
(Y xZ,)u(Yy xD)=a=5°p=(YxZ,8) (Y, xDB).
Last equality is possible only if Z, =Z, 4 and D=DJ since Z, <D, i.e.
a=(Y%xZ) (Y xD)=(Y"xZ,)u(Yy xD)=5.
We have « =&, which contradict the condition § € B, \{a} .
Thus, we have that & ¢ B, \{a} .
¢') If 5=y, and BeB)\{a}, then §=(Z,x@)U((X\Z)xZ,) and 5=, ie.
(Y xZ,)u(Yy xD)=a =50 =(Z,xD)U((X\Z,)xZ,B).
But last equalities is impossible since Y,*,Z, ¢ {&} .
Thus, we have that & # y,.
Of the cases a'), b") and c') follows that - ¢ B, .
9) a=y,=(Z,xD)U((X\Z,)xZ,). Further, let =50 for some 5,8 B;\{y,}.

For the element § consider the following cases:
a') If 5eB\{y,} and BeB;\{y,}. Then by definition of a set B the quasinormal representation of a

binary relation & has a form &=(Y)x@)u(YxZ)U(Y, xD), where Y;Y’Y; ¢{@} since
V(X",5)=D and

(Z,x@)U((X\Z)xZ,)=a =50 =(Y;, xD) (¥’ xZ,8)U(Yy xDB).
Last equalities is possible only if =@, Z, =D or Z,=2,8=Dj.
If Z,8=0, Z,=Dp, then by statement a) of the Lemma 2.2 follows that |X \ I5| >1. But, the inequality
|X \I5| >1 contradict the equality X =D .
If Z,=2,,8=Dp, then by statement b) of the Lemma 2.2 follows that |X\I5|21. But, the inequality
|X \I5| >1 contradict the equality X =D .
Thus, in case a') we have that & ¢ B\{y,}.
b') If §eB,\{y,} and BeB;\{y,} . Then by definition of a set B, the quasinormal representation of a binary
relation & hasaform & =(Y,"xZ,)u(Y; xD), where Y,’,Y;' ¢ {&} and

(Z,x@)U((X\Z,)xZ,)=a =56 =(Y"xZ,8)U(Y; xDp).

Last equality is possible only if Z,4=@ and DS =Z, since Z, c D.
If Z,8=0 and D=2, for some BeB, then by statement a) of the Lemma 2.2 we have |X \D|>1. But

last inequality contradict the condition X =D .
Thus we have that & ¢ B, \{y,}.

Of the cases a'), b’) follows that o = y,.
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Therefore, a =50 for any &,8e€B;\{a}, ie. the set B, =BUB, U{y,} is irreducible generating set for
the semigroup B, (D).
Lemma 2.6 is proved.
Lemma 2.7. Let [X|=2, D={@,Z,,D}e%,(X,3). Then B= and the set B; =B, U{y,} is irreducible
generating set for the semigroup B, (D).
Proof. Let X =D and |X|:2 Then B, (D):{yo,al,az,...,ag},Where
=(Z,xD)u((X\Z,)xZ,) = (X\Z,)x Z,
z xZ,)u(( X\Z )xD), &, =((X\Z,)xZ,)u(Z,xD),
3_xX® @, a, = ((X\zl)xg)u(zlle) Z,x2,,
s =(Z,xB)U((X\Z,)xD)=(X\Z,)xD,
a; =((X\Z,)xD )u(lef)):lef) =XxZ,, az=XxD.
In this case we have: B=@, X =D, B, ={a,a,} and B;=B,U{y,} is generating set for the semigroup
B, (D). Indeed:

° 7o o a,
Yo 0 Yo s
o Yo o O
a, a, a, <

where a, o(y,0a,)=a, 05 =0 and (o o a, )oy, = g 0 7, =, . Of the last conditions and from the Lemma
2.6 we obtain that B; is irreducible generating set for the semigroup B, (D).
Lemma 2.7 is proved.
Theorem 2.2. Let [X|>3, D={@,Z,,D} %, (X,3). If
B={aeB, (D)|V(X',a)=D}, B ={aeB, (D)|V(X',a)={Z,D}},
Yo =(Z,xD)U((X\Z,)xZ,).
Then the following statements are true:
a) if |X \ f)| >1. Then the set B B, is irreducible generating set for the semigroup B, (D) ;
b) if X =D, then the set BUB, L{y,} is irreducible generating set for the semigroup B, (D).
c) if [X|=2, then the set B, U{y,} is irreducible generating set for the semigroup B, (D).
Proof. The statements a), b) and c) immediately follows from the Lemma 2.5, 2.6 and 2.7 respectively.
Theorem 2.3. Let D :{Q, z, D} eX,(X,3). If X is finite a set and |X|=n, then the following statements

are true:
a) if [X \ D| 21, then the number [BUB,| of a set BB, is equal to

|BUB|=3"-2""+1;
b) if |X|23, X =D, 7, =(Z,x@)U((X\Z,)xZ,), then the number [BUB, U{y,}| ofa set BUB, L{y,}

is equal to
|BUB U{p}|=3"-2""+2;

c) if [X|=2,thenthen the number |B, U{y,7,}| ofa set B, L{y,} isequal to

|Blu{7o}| =3.
Proof. Let B={a € B, (D)|V(X",&)=D} and
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(123 (123 (123
“i7123) %7 (132) %7 (213)
(123 (123 (123
727 231) #7(312)%7(321)
If «eB, then quasinormal representation of a binary relation « has a form
a:(Yw‘f(l)x@)u(Y@f(z)le)u(Yg(s)xD), where  j=1,2,..,56 and a system of subsets
Yw‘:(l),Yg(z),Yw‘T(S)e{Q} of the set X is partitioning of the set X . Then the number k® partitioning
Y, ay Yo Yo e OF theset X for fixed j (1< j<6) isequal to
3 _1 3+i
k: :Z#.in—l :1'3n—1_2n—1+1 )
~(i-1)(3-i)! 2 2
(see [1], Theorem 1.17.1). Of this obtain that |B|=6-k’ =3"-3-2"+3.
If & e B, then quasinormal representation of a binary relation o has a form a =(Y,* xZ,)U(Y x D), where a
system Y,*,Y," is partitioning of the set X . By definition of a set B, we obtain B, =B, (D’)\{X xZ, X x f)},
where D'={Z,,D}. So, we have, |B,|=|B, (D')-2=2"-2=2"-2. By definition of a sets B, B, and
{7,} follows that BMB, =B {y,} =B, " {y,} =& Of this we obtain that:
[BUB|=(3"-3-2"+3)+(2"-2)=3"-2""+1,
if [X\D|>1;
[BUB, U{r}|=(3"-2"" +1)+1=3"-2"" +2,
if |X|=3, X=D;
B, U{5}|=2%-2+1=3,
if [X|=2.
Theorem 2.3 is proved.
Example2.1. Let X={123}, 2z ={1}, D={12}, D={@,z,D} and |X\D|=1. Then
By (D) ={e1, ..., } , Where

13}x@)U((D\2,)x2,), @ =(Z,x2) 0 ({2,3}x2,),
2,3} x D) (Z,%2Z,), o =((D\Z,)xD) ({13} x2,),
s =D, ay ={1,2,3}x2Z,, a,, ={1,2,3} xD.
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B={a,a...cs}, B ={a,0,...a,} and [BUB|=12.

o a, a3 a, a5 Qg a; g Ay Gy |Gy |0
o Oz | Qs | Oy | Oy | Oy | O o Oy | Cop | Opp | O Oy
a, Oy | Qg | Oyp | Oy | Oy | Xy a, Oy | Oy | Op | & Oy
a; Oz | Qs | Oy | Qg | Qg | Qg | O Qg | Qyg | Oy | O Qg
oy Op3 | Qg | Oy | Qug | Qg | Oy | Oy | Qg | Qg | Oy | Oy | Oy
Ay Op | Oy | Oy | Qg | Qg | Og Ay Oig | Qyg | Oy | Qg Qg
O Oy | Oyg | Gy | Gug | Cug | Qg 5 Oig | Oig | Oy | Qg Qg
a; Op | Oy | g5 | Oy7 | Oy7 | Oy a; Oy | Oyp | Opp | Oy Oy
g Opg | Gy | Oy | Oyp | Oy | O g Oy | Oy | Oy | Ay Oy
Oy Oy | Gyg | Oy | O Oy | O ) Oy | Oy | Oy | K Oy
a, Oz | Qs | Oy | Oy | Oy | g | Qg | Oy | Oy | O | Oy | Uy
ay Oy | Qg | Oap | Oy | Oy | Oy | Oy | Oy | Oy | O | Oy | Oy
a Q7 | O | Oy | Oy | Oy | Oyp | Oy | Oy | Oy | O | Oy | Uy

In this case we have a,ca,oa, =a,, o, =, , i.€. the set BUB, is irreducible generated set for the semi
group B, (D).

where

al=({1}x@)u({2}le)u({3}x[‘3), a, =({1}x®)u({3}x21)u({2}xI?),
a, :({Z}XQ)U({l}le)u({B}x I?), a, :({Z}XQ)U({B}le)u({l}x I?),
a :({3}x®)u({2}lelu({1}xD .2y =({3}x@ uv({l}le)u({Z}xD),
o =({1}x2,)u({2 }xD), a, =({2}le)u({1,3}xD),

ay =({3} Zl)u(Z x
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Yo Vo ey, Vo % (% |G (% |Gy P (O |Gy % (O

In this case we have: o, o 00y =ay 0o, =5 and oy ooy =y 0o =@y, , B8, the set BUB, U{y,}

is irreducible generated set for the semi group B, (D).
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