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Abstract—The point form of Ohm's law has limitations when it is applied before the equilibrium is achieved in
quasi-static conditions, because it represents a non-causal and instantaneous (static) relationship between the electric field
and current density. We have proposed a generalized Ohm's law consistent with causality, under quasi-static conditions
and in the absence of time-varying magnetic fields. As a result, emerges a dynamic model with electrostatic memory of the
potential gradients applied, which incorporates to the usual Ohm law as a special case, when considering the instantaneous
propagation. We have found the possibility of oscillations in the charge density and in the current density, that they may
occur in the opposite direction to the one established by the electrical potential gradient, in transient phenomena
quasi-static. Also, applications in electrical conductors, in PN semiconductor junctions and in lightning strikes are
presented. We conclude that Ohm's law can be generalized for non-equilibrium phenomena, by incorporating causality
according to the proposed generalized model.

Index Terms— Causality, electrical conduction, Ohm's law, transient phenomena.

I. INTRODUCTION

It is well known that the point form of Ohm's law establishes the proportionality between the conduction current
density [,descriptive of the flow of charge per unit time and per unit of cross-sectional area, and the electric field

intensity E in the quasi-static case (with a constant magnetic induction E). It was proposed by Kirchhoff in 1827
[1] and its modern form in quasi- static conditions is

.
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g

t = cEF. t)l =—cVe (1)

Where crepresents the electrical conductivity of the material medium and «is the scalar electric potential.
Historically, this expression was obtained from Ohm's pioneering work, and first appeared in a letter dated
October 13, 1848, sent by Kirchhoff to Von Neumann [2]. Note that (1), when applied to any point ¥ in
homogeneous and isotropic materials under magneto static conditions, expresses an instant connection through
the parameter =, connecting the cause £ with the consequence or phenomenological effect [ ,exactly at the same
time instant t for both magnitudes.

The static relationship (1) violates the principle of causality, according to which there must be a delay between
cause (potential gradient) and its subsequent effect (current density). This delay or characteristic time is a
consequence of the finite propagation speed of the information associated to the gradient of electric potential on its
path through the volumetric material with finite dimensions.

In the usual conducting materials this characteristic time is near zero and negligible, but there are scenarios
described in this research where its values are significant, justifying the proposal of a new model that generalizes
the Ohm's law in (1) to be consistent with causality, in the sense that now includes the corresponding finite delay
time of the perturbation through the material.

To date, it has not been observed in the specialized literature any reference over the evident mentioned problem
about the non-causality of Ohm's law. However, a similar problem about non-causality has been detected,
addressed and resolved in detail for at least two classical equations of elementary physics, analogous
mathematically to Ohm’s law (1) such as the Fourier's law for heat propagation and the Fick's law for transport
theory (particle diffusion), when both are applied to situations before reached the steady state of thermal and
diffusive equilibrium, respectively.

The widely known Fourier's law of heat propagation is

E(r.t) =k VT (7.t )
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where F represents the local heat flow density, & the thermal conductivity of the medium and ¥ T the temperature
gradient. In Fourier's law (3) also emerges the same problem identified that compromises the causality, noticing
the same time t on both sides of (2), as Cattaneo pointed [3], who modified the equation (2) by incorporating a
thermal relaxation time representative of the causal delay due to the finite velocity of propagation of heat [4], [5].
A causal characteristic time, named ..., and analogous to thermal relaxation time of Cattaneo, will be used in this
investigation for the frame of a new causal generalization of Ohm’s law (1).

And with regard to the Fick's law for the transport of particles by diffusion, taken for granted their expression
J(7.£) = =D VelF, t) 3)

Where] represents the massic current density of the particle flow, 2 the diffusion coefficient associated with the

medium and % ¢ the volumetric particle concentration gradient. Notice again the same time instant t on both sides
of (3). Falcon and Medina observed this problem of non-causality in Fick's law [6], and proposed a causal
generalization model applicable before the thermodynamic equilibrium using a characteristic delay time between
the cause (the gradient of concentration) and the effect (the current density), in an analogous way as Cattaneo.

Note that Ohm's law (1), Fourier's law (2) and Fick's law (3) are constitutive equations mathematically equivalent
(analogous) in modeling different transport processes under the diffusion approximation for the electric charge,
the heat and mass, respectively. These three models assume the instantaneous propagation (with infinite velocity)
of the disturbance which causes the corresponding current density, which would not be valid before to
equilibrium, in the transient state and therefore the aforementioned constitutive equations do not satisfy the
principle of causality, which limits its application to certain physical situations.

The purpose of this research is to present a mathematical model to generalize the point form of Ohm's law
consistent with causality, applicable to electrical conduction under quasi-static conditions and in the absence of
time-varying magnetic field, by incorporating the finite delay between cause (the application of gradient
potential), and the effect (establishing a current density). To solve the problem of the non-causality in Ohm's law
(1), in Section 1l a general mathematical model will be constructed, using a similar methodology to the
implemented by Cattaneo [3] and Falcon-Medina [6]. As a result emerges an electrostatic memory associated to
the material (Section I11), now interpreted as a linear dynamic system that cannot respond instantaneously, built
around the definition of the causal characteristic time ... The new model replaces the static system defined in (1),
by a new second order differential equation whose possible solutions are analyzed, yielding dynamic results for
the transient such as the presence of oscillations in which the current density has the direction opposite to the usual
direction set by the electrical potential gradient, a situation that is not predicted by (1). Over damped, critically
damped and under damped solutions are obtained.

The paradigm under which the study was conducted is based on a quantitative research and the application of the
deductive method, carried out in the framework of the classical physics corresponding to the electromagnetic
theory in quasi-static conditions, providing a new falsifiable mathematical model as part of the results, and various
physical scenarios for its experimental verification. In Section IV there will be presented three application
examples where the proposed model is relevant, such as the electrical conduction in good conductors, the
atmospheric electric discharges and the transport in semiconductors like the Schottky diode. Finally, conclusions
are presented in Section V.

Il. CAUSAL GENERAL EXPRESSION OF OHM’S LAW

Ohm's law, expressed as in (1), involves the appearance of the current density [(7.t} in the material at the same

instant £ at which the potential gradient Tais applied, thus violating this causality due to the instantaneous
propagation of the disturbance, regardless of the dimensions of the conducting medium.

In this section, a new constitutive relationship between Eand]is proposed, as a modification of (1), but
considering now the finite delay time between these two magnitudes, defined as 7. or "causal characteristic
time", so that the new relationship is now consistent with causality avoiding the instantaneous modeling implicit
in (1). Under this approach, in quasi-static conditions, and neglecting the effects of polarization of the material
medium, (1) becomes now in the proposed equation:

i

[(F.t + 5. )= —cVelF t) 4)

ey
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notice that the time dependence in and in | is not the same, because the establishing of £ (or equivalently of the

potential gradient —%V¢) at a point ¥of the material, at a given time ¢, causes the movement of the electric
charges, which implies the subsequent effect of a current density jin a time £ =t + t,,, where ..is a positive
quantity that represents the propagation delay associated with the finite velocity of the disturbance, forcing that
causality is satisfied.

The causal characteristic time 7., is usually small compared to the time it takes an electrical current to travel
around the entire macroscopic medium. The order of magnitude of ... is similar to the effective transit time of the
messenger particles that mediate the electromagnetic interaction (virtual photons), therefore:

t =t +or,= r—IL'—;.IE (5)
where = represents the refractive index, ¢ is the speed of light in vacuum and ! is the effective length of the
material, it is clear that 7., =107=" s in material objects with dimensions of the order of some centimeters.

Doing the Taylor series expansion in the left side of (4) and considering that generally .. <= 1 s, is obtained an
expression that generalizes Ohm's law and prevents conflict with the causal principle:

ERE PR PR
g Bt b ]

3y ) — oy

J(r.t)+]rt) = —cvelr. t) (6)

a
tog o ST L) Fn

In most of the applications, the first-order correction used in (6) can be ignored when the equilibrium is reached.

However, certain situations can be illustrated where (6) is important in transients phenomena with z.. on the order
of picoseconds. In this sense, an example occurs in the field of high-speed switching in diodes and other
semiconductor devices, as well as on the various response times of the systems to excitations with alternating
signals, and in atmospheric electric discharges which occur in intervals on the order of milliseconds (Section I11).

Taking the divergence (6), considering the continuity equation for the electric current where @ = @(r. t] is the
electric charge density, and employing the Laplacian gives:

3% s 2

ezt L= OV @ )

If the Poisson’s equation is used in (7), valid in the quasi-static case, where the permittivity of the medium is =, is
obtained for the density of electric charge:

'-_::: ;-_:_'__-z_i: (8)

This implies that before occurs the full electrical relaxation, the charge density 2 exhibits a dynamic behavior that
is governed by (8). Clearly, the validity of (8) is applicable when it comes to times t less than or of the order of
characteristic time .., since for the case of steady state or near it (when ¢ :» t..) the first term in the left side of
(8) is negligible and the usual situation is obtained:

Z. = ©

O= pE fEpE (10)
being z. the transitional (relaxation) period, defined as:
=2 (11)

proportional to the time in which the current density gradient is flattened. In a good conductor like silver 7, =10~*°
s, and in a material with an electrical susceptibility . and conductivity s :

gll+r,) =i,

= o=

(12)

[ [

Returning to (6) by dividing it by .. and then by taking simultaneously the limits z..—= and === such that

&/ 7., = constant, is obtained:

317



—

2 IESID S

ISSN: 2319-5967

ISO 9001:2008 Certified
International Journal of Engineering Science and Innovative Technology (IJESIT)
Volume 3, Issue 5, September 2014
af

== —_i?.., (13)

at

If derived with respect to time both members of the continuity equation and if substituted (13) into the result, we
obtain:

2o v (—Z%g) (14)

using the Poisson’s equation in (14) and rearranging terms yields:

3%

St —p=0 (15)

representing an oscillation of the current density, which takes place before the equilibrium, when considered the
ideal case of non-loss electrical conduction. So, in the transient regime the charge density fluctuates harmonically,
with natural frequency:

e = -\:::: (16)
and accordingly, the current density displaces in opposite direction to the one of the potential gradient during the
mid-cycle, and in the direction of the potential gradient in the other half of the cycle, and is null instantly in the
transient regime. These prescriptions do not appear in the usual modeling, not causal, of the Ohm's Law in (1).

I1l. ELECTROSTATIC CONDUCTION MEMORY

Next, a general model of electrical conduction in quasi-static transient phenomena is presented, incorporating the
history of the potential gradients by solving (6). Multiplying both sides of (6) by the integrating factore®’ "=, the
solution for | in the differential equation is obtained, in the form

r

Jirt) = ——|__Veolr tle 7t gy (17)
The equation (6) states that the instantaneous current density (measured at instant ) is the result of the historical
accumulation of all potential gradients, applied in earlier times to . Note that the exponential factor in the kernel
of the integral at (17) imposes the fact that the most recent gradients mostly contribute to current density when
compared to the later ones, in any case this imply that the system can be considered with memory, a typical
situation in dynamic systems which are physically unable to respond instantly.

In general, we can be conceived different constitutive models characterizing the conduction story or memory of
the ohmic material, through the generalization of a functional K{t.t"} in the integral kernel of (17):

- L S B e B S
Jirth = ——|__Kt vivelr t) dt (18)

Thus, the original Ohm's law is obtained according to (1) when it is assumed:
Kt t)=3ar—t) (19)
If K (t. ¢t lis assumed constant:
Kit.t) =K, 19)

Equation (20) would correspond to the special case in which all potential gradients contribute with equal
weighting to the electrical conduction; this corresponds to the case discussed in (15).

Obviously, if the kernel is of the form:
Kt t) =g t-1 1w (21)
is obtained (17) again.

The different constitutive models given in expressions (19), (20) and (21) can be used, as discussed in the next
section, to describe the transient regime of the current density in certain particular physical situations.
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IV. RESULTS AND DISCUSSION

Considering the homogeneous differential equation (12), the general solution for the charge density is determined,
subject to initial conditions 2.0} = =, and 2.0} = 2. Using the Laplace transform is obtained the pair of roots =,

and =, of the characteristic equation of the system, in the form:

e

= -2

si2=——— (14 (1 - =) (22)

Where =, ;==, and 5, ;== are the roots corresponding to the plus and minus sign in (22), respectively.

Depending on the values acquired by the roots in (22) (real roots or complex-conjugated roots, according to the
value taken by the term ../ t.), three possible cases for the dynamics of the transient regime of the charge
densityz are presented: Over damped (different real roots), critically damped (identical real roots) and under
damped (complex conjugate roots), discussed below:

A. Over damped case:7../ 7. < 1/4, the solution is obtained:

By Tee| =

a2t =p, :'I:xl_-_-]_-__- g

s S

L

e

RN CEES e B

T ek

L1+AMT

(1-AdtfT,, (23)

Where the parameter ‘A is defined as

As(1- J (24)
Since in the previous deduction we have assumed & =t.. the charge density decreases monotonically from its
initial value 2, during the transient regime. Thus, the time constant zassociated to the dominant pole is given by:

p=2t= (25)

B. Critically damped case:t../ 7. = 1/4 ,with solution:
A = py 14+ (2425 L oo (26)
In this case the time constant associated with the transient period is © = 27...Note that (26) implies that for

t <« 7, the charge density is greater than its initial value &, in the transient regime, with a linear increasing rate.
C. Under damped case 7./ 7 > 1/4, with solution:

e} = p o7t e [CDS ot + _;I:: + '—] s’.:‘ts:n:l (27)

Where the angular frequency @ is defined as:

p=—(¥=_q1)" (28)

ITee & Tg
And the time constant associated with the transient period is identical to the one of the critically damped case.

Note that the solutions offered in the three cases A, B and C are only valid for times that simultaneously verify the
conditions t < T, andt < ., in accordance with the assumed hypothesis of diffusion approximation in the
transient regime. The oscillation in the charge density, given by (27) implies that in the transient regime could
result a movement of charges in the opposite direction to the gradient of potential, depending on the values of the
roots of the characteristic equation (22).

In order to study the various dynamic cases in specific materials, the roots in (22) are evaluated by replacing the
definition of the causal characteristic time .. of (5) and the transient time . of (11), obtaining:

spE-—(le(1-=) (29)
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where n, ¢, I, and o represent the refractive index, the electric permittivity, the characteristic length and the
electrical conductivity of the medium, respectively.

In a pure silicon semiconductor, with electrical conductivity #~1072S/m [7], and a length scale of the order of a
millimeter, the dynamics of the charge density in the transient regime, associated to the roots of (29), would
correspond to the over damped case given by (23), resulting the transient in times of the order from picoseconds to
nanoseconds, according to the doping. Similarly for a crystal of InP or GaAs, for which #~107*S/m and
o~107°S/m respectively [7], [8], there would be an over damped solution which in principle would be
experimentally measureable, in crystals with lengths of the order of a millimeter, and microsecond lapses.

Clearly in good conductors such as copper, aluminum, gold and silver, where it is well known that their electrical
conductivities are of the order of =~ 107 S/m, the roots of (29) correspond to the under damped case given by (27),
with oscillations of a decreasing amplitude in the charge density according (28), but the equilibrium is reached
almost immediately, in periods of the order of =, = 107"z and the oscillations predicted by (27) are not
observable. However, we can imagine examples where these oscillations occur with larger times. Such is the case
of a silicon PN semiconductor junction, with characteristic length of about 1 cm and electrical conductivities as
large as ~107*S/m [7]. That material would present under damped oscillations in the charge density, observables
in times of the order of nanoseconds.

Another plausible application of the proposed model is when a semiconductor diode is driven from the reversed
biasing condition to the forward biasing state, or in the opposite direction: The diode response is accompanied by
a transient, and elapses an interval of time before the diode reaches to the steady state, this lapse is frequently
named "reverse recovery time". Fig. 1 shows oscillograms measured by the authors, in the transient regime of a
half-wave rectifier, implemented with diodes (1N5822 and 1N5401), excited with a square wave voltage, at
several frequencies.

Chi

Fig. 1. Response of a half-wave rectifier driven with a square wave voltage waveform, with frequencies (from left to
right) of 10 kHz, 100 kHz and 1000 kHz, respectively Above: 1N5401 diode. Below: 1N5822 Schottky diode. Note in
both cases the quasi-statics transient regime (with a reverse recovery time) which is applicable in the generalization of
Ohm's law in a manner consistent with causality.

Note that the oscillograms show that the reverse recovery time is on the order of 20 ps for the IN5401 diode and
only of 3 ps for the IN5822 Schottky diode. It is noted in the two devices a reverse recovery time composed of two
distinct zones phenomenological, one of quasi-constant voltage, commonly associated with storage times of the
minority carriers, followed by another region with an exponential transient (transition time) corresponding to the
diffusion process through the PN junction and to the capacitance of the reverse biased junction. Note that the
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transition time is about 1.6 ps for a 1N5401 diode and is about 0.4 ps for a 1N5822 Schottky diode. The
characteristic times of these transients phenomena in semiconductors have the same order of magnitude as the
associated periods to the time constant corresponding to the dominant pole zin (25) or associated with the
respective period of the frequency of oscillation (28), depending on the roots for the typical values in (29) for the
physical length of the PN junction I and the specific conductivity of the doped silicon. So, the proposed causal
generalization of Ohm's law in quasi-static transient’s phenomena provides a complementary explanation to the
reverse recovery time, raised in macroscopic terms, from the temporal behavior of the charge density.

Additionally, another application scenario for the proposed model emerges in the study of the ionized gases as
they occur in atmospheric electrical discharges (lightning), where the electrical conductivity is a function of
temperature for electronic densities in the order of 102 particles/cm®: o~10"5T*% S/m [9], and damped
oscillations would be obtained on the charge density according to (27) and (28) with periods in the range of the
picoseconds, which could suggest an analytical frame that explain how occur the stepped leaders observed in

lightning, before the establishment of the return strokes [10].

V. CONCLUSION

The approximation of Ohm's law in its usual form (1) is valid only after the equilibrium is achieved, but this law
has a non-causal behavior in quasi-static transient phenomena. To correct the non-causality implicit in Ohm's law
(1), detected originally here, we conceived different constitutive models that characterize the history of electrical
conduction (memory of the ohmic material). Depending on how the conductive history is modeled through the
functional K, we obtained the prescriptions of behavior memory less (19), with infinite memory (20) or with a
Maxwell-Boltzmann statistics memory (21); specifying the response of the conductive medium to the potential
gradient applied in the times previous to the establishment of the equilibrium.

In order to describe the electric conduction in transients quasi-static phenomena, is necessary to introduce a hew
parameter denominated causal characteristic time .., as a function of the dimensions considered. Conversely, in
transient phenomena with a duration of the order of z., or greater, the charge density exhibits a dynamic behavior
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